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BAYESIAN INVERSION APPROACH FOR ECG DENOISING
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Abstract: Stochastic or Bayesian filtering is an inverse problem in the sense that from given noisy observations we
want to estimate hidden state variables knowing models for states evolution and measurement noises. In the present
work we propose a Particle Filter method for denoising ECG signals based on Monte Carlo filter techniques estimating
the state (filtered signal value) from noisy observations simulated with different SNRs. We use Mc Sharry dynamical
model whose solution trajectories reproduce realistic ECG waves. The improvement in the denoised signal is higher
when the SNR in the input signal is lower. Particle Filter method allows any noise distribution to be considered. This
property is very interesting for physiological signal processing, where the noise is often complex and non Gaussian.

Keywords: particle filtering, bayesian inversion, ecg denoising, state space ecg model
2000 AMS Subject Classification: 21A54 - 55P54

1 INTRODUCTION

Over the years the ECG signal has been used to assess the cardiovascular condition of humans recording
electrical activity of the heart. Extraction of pure ECG components (P, QRS and T waves) from noisy
measurements is still a subject of major importance for biomedical community. The development of new
sensor technologies has provided new ways of recording ECGs that are more comfortable for patients.
However, in most cases, increasing comfort can result in reduced quality signals. For instance, electrodes
that are incorporated in clothes generally provide signals with a lower signal-to-noise ratio (SNR) and more
artifacts than contact electrodes directly glued to the body [1]. In this sense, specific algorithms must be
developed to perform the analysis and processing of the data monitored to obtain useful information.

Bayesian filtering, also known as Stochastic filtering, is a framework for facing dynamical problems,
where the unknown and the data form two stochastic processes and the transition kernel of the unknown
stochastic process is assumed to be known. Its numerical implementation, in the general nonlinear models
case, requires the use of numerical integration techniques like Particle Filters (PF)[2] which are essentially
a class of sequential Monte Carlo methods where the support points, called particles, evolve with time
according to the transition kernel of the unknown process.

Stochastic filtering is an inverse problem: Given collected observations (also called measurements) at
discrete time steps, provided transition and measurement models are known, one needs to find the optimal
state that produces those measurements. In another perspective, this problem can be interpreted as an inverse
mapping learning problem: Find the inputs sequentially with a mapping function which yields the output
data. In contrast to the forward learning (given inputs find outputs) which is a many-to-one mapping prob-
lem, the inversion learning problem is one-to-many, i.e. the mapping from output to input space is generally
non-unique [4].

This scheme leads to an algorithm for the restoration of the denoised ECG signal from a set of incomplete,
noisy and/or ambiguous observations. This framework requires a state space model for the generation of the
signal so the final estimate results in part from what the observation or measurement indicates and in part
from what the model assumes as the value for that point of time.

Mc Sharry, Clifford et al. [3] have developed a dynamical model whose solution trajectories reproduce
realistic ECG waves. This model comprises the sum of 5 Gaussian functions, each one is characterized by
its location, amplitude and width and represents the different ECG waves.

417



MACI, 7(2019) Luis R. Ceballos, Claudia M. Gariboldi, Bruno A. Roccia, (Eds.)

In a previous paper [S] we propose a new method for finding the parameters that better represent a given
beat. And in a posterior work [6] we classify this beats in R'® parameter space between physiological or
infarcted beats with high rates in the classification task. In this work we propose a method for denoising
ECG signals based on Monte Carlo filter techniques estimating the state (filtered signal value) from noisy
observations simulated with different SNRs.

2 METHODS
2.1 DYNAMICAL MODEL

The model assumes that each heartbeat in a ECG 1s modeled by a set of Gaussian waves, characterized
by their amplitude (a;), position (;) and width (b;). Each wave peak corresponds to one of the relevant

points in the ECG beat signal (P, Q, R, S, T).
The model can be stated as

= r(1—-r) (1)
0 = w (2)
A6\ 2
= - Y 0 A0 () 3)
i=P,Q,R,S, T

where Af; = (0 — él) mod 27, w is the angular velocity. The model describes a tridimensional quasi-
periodical trajectory with cilindrical coordinates (r, 8, z). The coordinate z, when plotted versus time gives
a synthetic ECG.
Equation 1 is independent from the others, so it can be excluded without affecting the synthetic ECG.
Discretization of resulting model, for small sampling period 9, is:

Opr1 = (0 +wd)mod 2w 4)
—0.5(%)2
Zhit = 2— > Oay Abie Vik S A=, S
i=P,Q,R,S,T

A

where A6, = (0 — 0;;)mod 27 and 7, is a random noise that models the inaccuracies of the model.

The state variables for the filter are 65 and z; and conform vector x;, in the next section. The noisy ECG
measurements s are related to the state vector as s = 2z + vi and conform vector y;. of the next section
where v, 1s the observation noise vector, considered as zero mean Gaussian random variable.

2.2 PARTICLE FILTERING

Estimation of the hidden states x;, of a dymanical system from some noisy observations yy, is a classical
issue. The states evolve according to an evolution function (Eq. 6) and the observations are related to the
states by a known function (Eq. 7).

Xk+1 = f(Xk, uk) (6)
Yi = &(Xk, Vi) (7)

Here, uy is the process noise and v the measurement noise.

This problem can be stated as the computation of the posterior distribution p(xx|y%), and can be done
iteratively in two steps.

In the prediction step, the prior distribution p(xx|yx_1) is computed with

p(Xk|yr—1) = /p(Xk|Xk—1)p(Xk—1|Yk—1)ka—1 (8)

where p(xy_1|yx—1) is known from the previous iteration and p(xx|x;_1) is determined by the model
evolution function.
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In the update step, this prior distribution is updated with the new measurement y;. using the Bayes rule
to obtain the posterior over xy:

P(xk|yr) o< p(YE|%K)D(XkK|YE-1) 9)

In general, the computations of the prior and posterior probabilities cannot be carried out analytically, hence
the need for approximate methods such as Monte Carlo sampling.

Particle filtering approximates the distribution by a cloud of N weighted particles {X](C ), w,E7 R } . where
1=

(4)

w, ~ are the importance weights, normalized to sum up to one. Thus,

p(xklyr) ~ Zwk e —x) (10)

where §(.) is the Dirac delta impulse.

Thus, the particle filtering algorithm performs the following steps:
1: Initialization: Sample N particles from a initial distribution p(xg)
2: For t=0 to K(end of signal) do

Compute the importance weights w,(;) of particle x,(f) from the likelihood p(y \x,(j))

Normalize importance weigths

(4)

Resampling particles according to distribution of w,

:  Sample N particles from p(x;, \Xk 1)
: end for

3
4
5
6:  Compute estimate X, = 5 wg) X,g)
7
8

3 RESULTS

The algorithm previously described was implemented in Matlab and applied to synthetic ECG signals.
Noise was added in order to achieve different signal-to-noise ratios (SNR) in the range (—28, 10).

Figure 1 shows the ECG generated with the model (zx), the noisy ECG (si) and the denoised signal
(s9“*) obtained with the PF approach with 500 particles (left) and 1000 particles (right), with an input signal

with SINR = —1. Note that output of the algorithm reflects a compromise between the noisy observations
and the real ECG.
N=500 particles, SNR = —1 N 1000 partlcles SNR= —1
Observed ECG Observed ECG
—— Denoised ECG —— Denoised ECG
0.4 —— Synthetic ECG 0.4 —— Synthetic ECG
0.3 0.3
0.2 0.2
~ O.1F ~ 0.1}
OW M M‘K . A\
—0.1F —0.11-
—0.2r -0.2
—-0.3 |
2 4 6 8 10 2 4 6 8 10
(5] (5]

Figure 1: ECG, observed and denoised signals

The performance of the algorithm is measured with the SNR improvement, given by

> k(s — 2)” )

11
5 (57— 22 (1

SN Rimprovement = SN Routput SN Rznput 10[09 <
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Figure 2 shows the SNR improvements versus different input SNRs. These improvement values were
obtained as the mean of 20 runs for each input SNR level.

It may be observed, as expected, that the improvement increases as the SNR of the measured signal
decreases. Moreover, the figure shows that better improvements are achieved with more particles. It is worth
to note that for lower SNRs the difference in performances is more evident, while for higher SNRs (low
noise) it seems that the number of particles is quasi irrelevant for the efficiency of the denoising algorithm.
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Figure 2: Denoising performance vs SNR level

4 CONCLUSIONS

This paper has implemented a Particle Filter of single channel noisy ECG signals. The filter was applied
to a modified dynamical ECG model defined by a nonlinear state-space model. The algorithm showed that
denoising improvements in ECG signals can be obtained when using a PE. The proposed PF approximates
the unknown parameter posterior distribution by exploiting the specific structure of the state space model.
It it interesting to note that the PF method allows any (possibly non-Gaussian) noise distribution to be
considered. This property is very interesting for physiological signal processing, where the noise is often
complex and non Gaussian. The proposed PF algorithm can serve as a reference for ECG denoising which
is interesting in many biomedical applications. Future work includes applying this algorithm to real signals
with parameters previously adjusted with other methods.

ACKNOWLEDGMENTS

The authors acknowledge to Universidad Abierta Interamericana and Universidad Nacional Arturo Jau-
retche for the financial support that allowed the realization of the present paper.

REFERENCES

[1] A. GRUETZMANN, HANSEN S. AND MULLER J., Novel dry electrodes for ECG monitoring, Physiol. Meas., vol. 28 (2007),
pp- 1375-1390.

[2] M. S. ARULAMPALAM, MASKELL S., GORDON N. AND CLAPP T., A tutorial on particle filters for online nonlin-
ear/nonGaussian Bayesian tracking , IEEE Trans. Signal Process. vol. 50 (2002), pp. 174—188.

[3] P. E. MCSHARRY, CLIFFORD G. D., TARASSENKO L., AND SMITH L. A., A dynamical model for generating synthetic
electrocardiogram signals, IEEE transactions on biomedical engineering vol. 50.3 (2003), pp. 289-294.
[4] Z. CHEN, Bayesian filtering: From Kalman filters to particle filters, and beyond, Statistics, Vol. 182-1(2003), pp. 1-69.

[5] S. LIBERCZUK, BERGAMINI M. L. AND ARINI P. D., Heart Beat Parametric Modeling Based on Monte Carlo Fitting
Techniques, XXI Congreso Argentino de Bioingenieria, X Jornadas de Ingenieria Clinica, 2017.

[6] S. LIBERCZUK AND BERGAMINI M. L., Model Based Feature Extraction Method for Myocardial Infarction Detection,
Mecénica Computacional, vol. XXXVI (2018), pp. 1807-1814.

420



d5dmdacl

ASOCIACION ARGENTINA DE MATEMATICA APLICADA,
COMPUTACIONAL E INDUSTRIAL

ASAMACI

Asociacion Argentina de Matematica Aplicada, Computacional e Industrial
Guiemes 3450, (3000) Santa Fe, Argentina.
E-mail: asamaci@gmail.com
http:/asamaci.org.ar/



